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Abstract

The present article reports on experimental and numerical study for sedimentation of non-colloidal suspended particles in
a viscous fluid. The hydrodynamic interactions between several particles sedimenting at low Reynolds numbers have been
investigated. The numerical model is based on separation of the real velocity field into two parts. The first part is symmetrical
and represents the conventional Stokes contribution. The second non-symmetrical part represents the net inertial contribution.
The first contribution has been modelled using the Stokesian Dynamics method. Whereas the second one has been accounte
for by assuming the validity of Faxen'’s first law. The numerical results agree with those from literature in the limit of the
Stokes’ flow regimgRe= 0). Unfortunately, wherRe> 0, the simulation appears to quantitatively overestimate the influence
of the real inertial effects. However, the accuracy of the results has been observed to be improved by introducing the empirical
correction proposed by Happel et al. at the level of the individual particle. In this way, the proposed numerical tool becomes
able to determine accurately the behaviour of several particles in different configurations. The agreement between the simulation
results and the experimental ones is very satisfactory.
0 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Fluid flow involving suspensions of solid particles finds applications in many industrial processes. These suspensions when
flowing involve various interactions since the particles are subjected to forces of diverse causes. Concerning colloidal suspen-
sions (micronic and sub-micronic particles), gravitational forces may be neglected when compared to the other forces acting on
the particles. The rheology of such a suspension also depends on the hydrodynamic interactions, on the disjoining pressure a:
well as on diffusion. When the size of the particles becomes millimetric, the suspension’s behaviour is mostly governed by the
hydrodynamic interaction forces and the gravitational forces. Moreover, when the particle-wall distances decrease, the influence
of the confinement produces undesirable effects such as non-homogeneous concentration profiles.
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For low values of particles volume fraction, taking the two-body hydrodynamic interactions into consideration has been
found to be sufficient to correctly describe the system. However, for higher volume fraction, it is therefore necessary to consider
the multi-body interactions [1]. On the other hand, the near field interaction forces (lubrication) may play a predominant role
when the surface-to-surface distance becomes too low [2].

If the flow is creeping, the inertial effects can be ignored and the suspension’s behaviour as a whole can be deduced from
hydrodynamic interactions in Stokes’ flow regime (Re= 0). However, the dispersed particles are generally transported at a
velocity such that the Reynolds number is actually nonzero. Thus, the flow cannot be considered as creeping and the momentum
equation of the fluid phase is non-linear.

Analytical expressions of the particle hydrodynamic interaction forces are available only in Stokes’ flow regime. For values
of the Reynolds number in the order BB~ 0.1, direct calculation of these interactions can be carried out numerically, for
example by applying a reflection method to the velocity fields generated by each particle on the remaining ones [3]. However,
this method is laborious and expensive and its application is restricted to large center-to-center distances and to low number of
particles. These difficulties explain why numerical models dealing with the flow of undiluted suspensions in inertial regimes
are rare.

The aim of the present work is to propose an alternative numerical approach allowing to consider this kind of flow at
reasonable computational cost. The usual formulation in Stokes conditions is partially retrieved when the inertial effects are
introduced writing the actual velocity field as that of two contributions: a Stokesian part and an inertial part. The propagation
of the Stokesian part is calculated using the previously approach proposed by Durlofsky et al. [1], while the propagation of the
inertial part is expressed explicitly in terms of relative fluid-particle velocity.

The present article is organised as follows. The details of the model and the methodology used are presented in Section 2.
Experiments on the sedimentation of particles at low Reynolds number were also performed using the techniques and the
methods that are described in Section 3. The numerical results, their comparison with experimental data and the discussion are
presented in Section 4.

2. Numerical model
2.1. Theoretical considerations

The description of hydrodynamic interactions within a suspension consists of determining the vélo€itlre particles,
knowing the forced- to which they are subjected. The relation betweeandF can be written a¥) = MF, whereM is the
mobility matrix [1,4,5]. Alternatively, the problem can be formulated in terms of resistance nRaf6ix9]. The forces applied
to each particle are determined usifg= RU. The elements of the mobility matriM or the resistance matriR, are tensors
which express the interactions between two particles along and perpendicular to their center-to-center vector.

Within a suspension, the hydrodynamic fofeéds the sum of a far field contributioR™@" and a near field contribution
(lubrication) F!UP: F = Ffar 1 Flub 1t js then possible in principle to describe the behaviour of non-homogeneous suspensions
containing zones of low concentration, where the far field interaction forces prevail, and containing high-concentration zones
where close field interaction forces are predominant [1,10].

Under Stokes conditions, both tensors elements of mitriandR may be calculated [1,8,9] for two interacting spheres.
When several particles are considered, calculation of their hydrodynamic interactions needs to take into account the multi-body
contribution. For that purpose, Durlofsky et al. [1] have proposed a simple way to determine the tensors eleRients of

Even in inertial regime, tensors element$oimay be calculated for two interacting spheres in the limiRetk 1 [11,12].

However, calculation of multi-body interactions have not been considered. In the present study, an alternative approach is
developed as explained in the following sections.

2.2. Hydrodynamic forces

2.2.1. Far field contribution

The inertial forces originate from the fluid motion as it is produced by the particle displacement. For a particle with a
uniform velocityU, suspended in an infinite Newtonian fluid initially at rest, the momentum equation reduces, for low Reynolds
numbers, to the well known Oseen equation [13]:

U-Vv=—2vpiHay
—(U-V)v=—=Vp+ =Av,

p p 1)
V.v=0
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wherev is the fluid velocity and wherp and p stand for the density of the incompressible fluid and the pressure respectively.
The velocity field deduced from Eq. (1) is usually given in terms of the stream fungtiexpressed in spherical coordinates
(R,0) as:

Re @)

V= Uaz[—% sin?0 + 3(1+ cosp) L SR (L/4Red = COS@)RM)].
This approximate solution to @€ is consistent with the degree of approximation used to obtain Eq. (1). As pointed out by
Batchelor [13], in the close vicinity of the sphere and at very low Reynolds number Eq. (2) coincides with Stokes’s solution
with a relative error of ordeRe At larger distance from the sphere, the velocity field given by Eq. (2) represents the actual
velocity field as accurately as the needed order of approximation.

On contrary to the case of zero Reynolds number, the Oseen velocity field shows an up-and-downstream asymmetry. Such
asymmetry explains the typical behaviour of interacting spheres in inertial flow. For an isolated sphere at low Reynolds number,
the drag forcd is theoretically a linear function dke

3
F=-— 1+ —Re).
671,u,aU( +16 e) 3)

Calculation of the hydrodynamic interaction forces between particles can be carried out numerically using a reflection technique
applied to Oseen velocity fields generated by each particle [3]. However, accurate numerical calculation of hydrodynamic inter-
actions by means of reflection method is computationally expensive, not only when the particles are close [14], but also when
several particles interact. For these reasons, this technique is restricted to cases of low number of particles and to configurations
where distances between particles are not too small.

In the present work, we propose an alternative method, analogous to that proposed by Durlofsky et al. [1], in order to consider
the hydrodynamic interactions with inertial effects at small Reynolds number. This method consists of formally separating the
velocity field generated by particles in inertial regime, into a purely Stokesian part and a non-Stokesian contribution. Then, the
hydrodynamic interaction forces can be calculated assuming the first Faxen law to be still valid. These forces can be introduced
into equations arising from Newton’s Second Law (NSL) and give access to the velocities and trajectories of the particles.

Considering two identical hard spheres labelled 1 and 2 and subjected to theHpamdF, respectively. Their interaction
in terms of velocity yields for sphere 1 the following equation:

_ F1 a® _5\.,0
Ur= 6 na(l+ (3/16)Re) * <1+ EV >V2 00

(4)

xX=x1

whereF1 /(6 na(l+ %Rel)) is the instantaneous velocity of sphere 1 a?ajx)u:xl represents the perturbation due to the

displacement of particle 2, expressed at the center of sphere 1. V\@iag(vg + (vg - vg)), Wherevg is the Stokesian part
of the velocity field, we can express as:

F1 F2 a® 2\ .0 S
Uy =W3 +W¥ +(l+—V V5 (X) — V5 (X 5
1= G a1+ (3/16)Rey) 1267 na(1+ (3/16)Rey) 6 (V200 —vz() rex ®)
where tensorsV;; = ﬁw; are given by:
1 rer rer
Wij = —67[““ [Aij —r2 + Bjj <‘Sij — —r2 )] (6)

wherer is the center-to-center vecter= ||r|| andAq1 = Bi1= 1, A12= (3a)/(2r) — a3/r3 and B1o = 3a/(4r) + a3/(2r3).

In Eq. (4), hereabove we assumed that the first Faxen law remains valid in low Reynolds number limit. Such assumption is
adopted here with respect to the low importance of the Faxen term applied to the non-Stokesian par of velocity field.

After some algebraic calculation, the velocity of each particle may be expressed as follows:

F

2 2
L « Fj _ i A J .
Vi = [ Z Wi on wa 16 2 (Ref Wij 6 pua(l+ (3/16)Re)) ) bi )

/:1 /:1

wherev; = (1+ %VZ)(V?(X) - ij.(x))|x:xl.
For spheres 1 and 2, Eq. (7) may be rewritten in a matrix form as follows:

M.E— W11 Wi2 F1 _ |+i Relwil Rezwiz Ul (n ) (8)
W22 Wa1/\F2 16 \RegW3, ReWs;,/ |\ U, v
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Inversion of Eq. (8) provides then the quasi-static contribution of hydrodynamic forces acting on each particle by knowing
the instantaneous velocities of all of them. It is to be noticed that if we consider a collection of several interacting spheres,
one obtains an similar equation. Inversion of such equation is known to take into account the multi-body effects within the
suspension [1].

2.2.2. Near field contribution

A method to calculate the near field interaction forces is to consider only the spheres present in the immediate environment
of each sphere. For a given particle these forces are considered nonzero within an interaction perimeter whose dimension is
generally of two radius from the center. They are then calculated using equations from lubrication theory, usually used in
literature [2,10]. Within the interaction perimeter, lubrication forces are proportional to the relative particle—particle velocity
V;; and depend on the surface-to-surface dimensionless distance (r — 2a)/a = r* —2).

The dimensionless forces exerted along and perpendicular to the center-to-center geet@spectively given by:

El 1 1 3e 1
fl= == _0225In=)——=In(=), 9
6rpallVijl 4e (6) 112 (E) ®
=5 1 /1
fl:—:—ln<—>. (10)
6ruallVijll 6 \e

In the present study, the rotation torque due to the velocity gradient when two particles move perpendicularignored.
This method will be implemented to calculate the lubrification forces in simulations of sedimenting particles.

2.3. Numerical method

2.3.1. Basic equations
In this part we will present the method to calculate the veldgdityand the positionX; of n identical spheres of densiy,,
in sedimentation in a Newtonian viscous fluid of dengitipitially at rest. This calculation consists of solving equations arising
from the NSL, at the center of each particle of the system. The added mass FBfces; gravitational body forceBY ; (weight
and upthrust buoyancy) as the hydrodynamic interaction foFGeare taken into account while the Basset forces are neglected.
The Basset force represents the delay effect in settling the fluid motion. Its actual value depends on all past acceleration and
may be determined from recording of evolution of particle velocity in course of time [15]. Since f&éand short simulation
time, such force should have a small effect, it has been ignored in the present study [14].
So, the equations that we have to solve for each particle are the following:

dy;
dr
dX;
=U;
dr !
whereFY is always of the formF) = 47a3Apg; with Ap = p, — p andFM = —27a%p dU; /dr, while F depends on the
number of particles, on their relative positions and on the instantaneous Reynolds number. The lubrication forces for each

particle doublet are calculated by using Egs. (9) and (10). The far field interaction forces are obtained after inverting Eq. (8), in
order to include the multi-body interactions between particles [1] and thus the following fdfrmsafbtained:

m—L=F/ +FM 1 F,

(11)

3
F=-M~1. ([| +—Z]U—v)+FIUb. (12)
16
In these conditions, Eq. (11) is rewritten as:
du;
=L =40 +f;,
dt/ 1
(13)
'~ a '
with
X U t
x==, u=—, '=-, f=—— u=(0,-1
z Ug T 67 nalg !

whereUg andt = %rra3(,0,, + %pf)/(Gmw) represent the terminal velocity in a Stokes flow regime and the characteristic

sedimentation time of a single particle respectively. The Oseen velocity fi€ld§ which appear in Eq. (8) are calculated
using Eq. (2).
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2.3.2. Ordinary differential equation
The program developed in this work consists of integrating the differential equations arising from the NSL formulation, for
each particle in its center of mass. Conventionally, these equations are written as:

% =g($, t/), with S(/:O):SO, (14)

and where

u u°+f
s=(y): o= (tuld)

The set of equations is solved by applying Gear’s method as an effective robust one. This is a predictor—corrector method with
adaptative order and stepsize [16]. Eq. (14) is then numerically solved to obtain particle velocities and positions at any given
time.

The development of the calculation algorithms is carried out in a Matlab environment which includes an appropriate solver
for this kind of problem [17]. An equivalent tool is also developed in FORTRAN, to obtain more efficient calculations especially
when a high number of particles interact.

3. Experimentations
3.1. Experimental apparatus

In our experiments, the suspending fluid is glycerine with a density of 1.25¢@nd a viscosity. = 0.85 Pas at a
temperaturdl’ = 22 °C. The sedimenting particles are Teflon spheres with a diameter@354 0.05 mm and a density of
2.15¢ cnt 3, Experiments have been carried out using a Plexiglass tdHnk (500 mm), having a rectangular cross-section
(L =100 mm x (D = 500 mm), which represents a ratio of confineméht/L) = 6.35 x 10~2. An experimental device
has been especially set up to make sure that the particles are freed without any initial velocity. Particles are initially placed on
stretched wires, with a distance of 5 mm between each one. An external mechanism fixed to each end ensures that the wires ar
symmetrically pushed back from the spheres, in order to free them. The main objective of this system is to have a low volume
immersed in the suspending liquid and thereby it minimises hydrodynamic interactions between the particles and the device. In
every case the temperature is measured after each series of experiments and the corresponding viscosity is determined using
pre-established calibration curve. A sketch of the experimental apparatus is shown in Fig. 1.

Spheres initially at
rest

Sedimentation axis ’“

Computer

Light
source

Fig. 1. Sketch of experimental apparatus.
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Acquiring the particle positions is achieved by visualising them directly by means of a CCD c&@%6ra480), connected
to a PC, with frontal lighting of the sedimentation field. The temporal measure sequence is controlled by software (Insight TSI).
The particle trajectories are followed over a distance of up to 200 radius. On the experimental images a particle is represented
by at least 6x 6 pixels. The whole experiment consists in following the particle sedimentation in a vertical plane illuminated
by a Laser sheet which ensures that the sedimentation takes place in this plane.

3.2. Image processing

A simple procedure of image processing is implemented in order to obtain satisfactory precision on the position of the center
of each particle, for all of the images of a sequence. The bi-dimensional numerical signal making up each image is filtered using
Fast Fourier Transforms. An image is generally a continuous function of the light intensity in zones separated by edges which
present discontinuities. When the signal amplitude is increased to high frequencies (high-pass filter) the effect is to raise the
edges but also the background noise of high frequencies. Consequently this high-pass filter technique is suitable to recognise
the forms. On the opposite, if the amplitude of the high frequencies is lowered (low-pass filter), the contours are not as clear and
the signal filtered in this way is continuous. This second technique enables the position of the centre of mass of the spherical
particles to be determined. Moreover, it minimises the influence of the noise present on the experimental images. After filtering,
a routine of barycentre calculation is automatically carried out, giving the position of the centre of mass of each particle with a
precision of 0.15 pixel. However when particles are in close contact with each other, this technique is no longer applicable.

4. Resultsand discussions

Whatever the approach used to study the sedimentation of suspended particles and to validate the methodology used, the
behaviour of an isolated sphere, a doublet, a triplet... must be successively considered. This is justified by the fact that the
geometrical configuration and the flow conditions are the main parameters of the problem. This is why, in the following, we
propose to successively consider configurations having one and then several particles.

First, the temporal evolution of velocity of an isolated sphere sedimenting in an infinite fluid may be obtained analytically
in Stokes regime as well as in inertial regime. Our simulation results naturally confirm these predictions showing mainly the
limit velocity at finite Reto be smaller thaw/g. This shows simply that the numerical tool used is convenient to integrate the
equations of motion.

When several particles interact under Stokes conditions, a typical configuration usually considered in literature is the sedi-
mentation of three particles initially placed irregularly on a line in a horizontal plane perpendicular to the direction of gravity
[14,1]. This case is taken up here to show on one hand that our numerical tool takes correctly into consideration the hydrody-
namic interactions, and on the other hand to demonstrate that only slight differences are visible if sphere rotations are neglected.

For this purpose, three particles are initially placed horizontall¢ 0 andxq = —5; xo = 0; x3 = 7) and their sedimentation
is followed over a distance of approximately 800 radius. The present simulation results are displayed in Fig. 2. The previous
results obtained by Durlofsky et al. [1] under the same conditions are also shown in Fig. 2. It should be mentioned that the
results of Durlofsky et al. [1] include sphere rotations. It can be seen in Fig. 2 that the results from our simulation and those
including sphere rotations are consistent. This observation has been previously made by Ganatos et al. [14], who also noted tha
the contribution of the sphere rotations remains significantly low compared to their translations. Hence, large sedimentation
distances must be reached before seeing them to play a significant role.

Whatever the case, the result from Fig. 2 clearly shows that the model used allows us to precisely describe the motion of
hard spheres sedimenting in Stokes’ flow regime. However, interactions between hard spheres sedimenting in inertial regime
contrast with their behaviour under Stokes conditions. They exhibit some characteristic behaviours even at low Reynolds num-
ber. The simplest cases usually used to study these behaviours are configurations consisting of two spheres sedimenting alon
or perpendicular to their center-to-center vecator

The case of the vertical doublet in sedimentation paralle| &iready dealt with from theoretical and experimental points
of view, allows to provide quantitative data concerning the influence of the inertial effects on the dynamic behaviour of this
doublet [18]. In this configuration, a decreasing of the gap between the particles is always observed, that means they move with
different velocities. This phenomenon originate from the asymmetry of the Oseen velocity field and is naturally absent under
Stokes conditions.

A simulation using our numerical tool, was carried out on a similar case. Two equal-sized spheres are placed vertically
beside each other, with a predetermined distandhen the sedimentation is simulated over a sufficiently large distance and
the instantaneous velocity of each particle is calculated. The ratio of the dimensionless velocity differ&nidés = AU™)
to the Reynolds number obtained in the present study, is plotted versus the dimensionless center-to-center /distance
Fig. 3, for different values oRe The reference Reynolds number used in Fig. 3 is calculated using the vdlgcity can
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Fig. 2. Trajectories of three sedimenting partici®e= 0). (o o o) represents the Durlofsky et al. result (numerised points)(ane—) the
numerical result.

0.8 T T L T
+—+ Re=0.1

AU*/Re

0.0 I i L

r/a

Fig. 3. Motion of two spheres initially located in a vertical plane. The ratio of velocity difference to the Reynolds nuxibetRe is plotted
versus the center-to-center distamce

be noticed that, for a given value Bfe the velocity difference increases whemecreases. At fixed separation distances this
difference is an increasing function of the Reynolds number. That is to say, particles come quicker together Riehiteer
model proposed here seems to capture the physics of the problem. Moreover, according to literature, when the distance
not too large and for low Reynolds numbers, the dimensionless velocity differeticemust be proportional tiReand the
proportionality coefficient i%. Our simulations show however, that the proportionality coefficient is a function of the distance

More precisely, if different Reynolds numbers are considered, distarioewhich the proportionality coefficient % verifies
approximatelyReg ~ 1. This means that for a given range of Reynolds numbers and a given range of separation distances,
the simulation results agreed with the theoretical relatdn™ = %Re Thus, forRebetween 0.1 and 0.5, the validity of this
relation is obtained for separation distances between 3 and 10 radius.

In the past, Happel et al. [18] carried out experiments in the same configuration. Their selected range of center-to-center
distances is conform with the range given above. The velocity differari¢evas measured for different values of the Reynolds
number(Re< 0.75). They observed that, although the expected linearity is observed, the proportionality coefficient is lower
than its theoretical valu% In order to correct this over-estimation of the inertial effects, these authors proposed to use an
empirical coefficienC, = 0.11 rather than the predicted one. By this way, their experimental results were correctly reproduced
over the whole investigated range of Reynolds numbers. Moreover, they notice that this coefficient is in fact almost twice the
actual coefficienCy = 0.05, that should replace the theoretical coeffici?gﬂin Eq. (3), in order to ensure the equality of the
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30 50 70 90 110 130 150
y/a

Fig. 4. Motion of two spheres initially located in a vertical plafe= 0.3). The center-to-center distanceersus the sedimentation distance
Symbols represent experimental results;—) the numerical result witlt; and(— — —) the same result without; .

theoretical and experimental terminal velocity of an isolated sphere sedimenting in inertial regime. As far as we are concerned,
we carried out sedimentation experiments of a vertical doublet for a Reynolds nReb€d.3, using the experimental appa-
ratus and the procedure as described in Section 3. This experiment was repeated several times and under the same experiment
conditions. We were thus able to measure the particle positions with sufficient accuracy. Unfortunately, the range of velocity
differences do not allow us to precisely determix& . Nevertheless, with the trajectories obtained, we were still able to quite
precisely represent the evolution of the distanoeersus the sedimentation distance of the leading spheréhese results
are displayed in Fig. 4 and show that when the spheres are not too close, the distaeoes to decrease linearly with the
sedimentation distanog . On the opposite, asapproach a value of# the linearity is broken and the results seem to indicate,
as expected, that a horizontal asymptote exists for the very low center-to-center distances and that the particles tend to sedimen
jointly.

The results of the numerical simulation represented by a dotted line in Fig. 4 also indicate an over-estimation of the inertial
effects. However, when the coefficiefif proposed by Happel et al. [18] is introduced into the model at the individual particle
level (Egs. (2), (8)), good agreement can be observed between experimental results and numerical ones, at least in the linea
zone. For formation of solid doublet, marked differences can be noticed between simulation and experimental data. It should
be noticed that, in simulations, the Oseen velocity field given by Eq. (2) is used for all values of the distance between the
spheres. The discrepancies observed may be attributed to the fact that, in the neighbourhood of the sphere, the non-linear tern
(v - V)v which is in the complete momentum equation is of the same ord@y a¥)v. This non-linear term should be taken
into account to more precisely describe inertial effects in the inner region [11]. This is why our model should fall in describing
hydrodynamic interactions between spheres at low separation distances, where the method of matched asymptotic expansion
are more efficient [11].

It objectively raises the question if such correction is fortuitous and thereby restricted to the case considered, or if it can be
generalised to all configurations, whatever the number of particles.

Let us consider now the sedimentation of two particles perpendicular to the veétor that purpose, experiments were
carried out on a horizontal doublet in sedimentation for a Reynolds number of 0.18, and the particle positions determined
during the process. The experiment was again repeated several times and the distasaaeasured during sedimentation.
The obtained results are shown in Fig. 5. As expected, the inertial effects are manifested by a progressive spacing out of the
particles as the sedimentation progresses. For the given Reynolds number, the distanizear function of the sedimentation
distance of the doublet;. As shown in Fig. 4, it can be noticed that when the phenomenological correction proposed by Happel
et al. [18] is not introduced, the simulation over-estimates, once again, the inertial effects (dotted-line curve); Ifatier
is taken into consideration as already described above, good agreement is then obtained between experimental results and th
numerical ones.

We can therefore deduce that the numerical tool proposed provides a qualitative description of the interactions between
particles in inertial regime at low Reynolds number. Quantitatively, introducin@ thfactor makes our simulation tool able
to reproduce the behaviour of a particle doublet, for all the considered configurations. Based on the above observations, the
corrected model could be extended to study the sedimentation of a larger number of particles at low Reynolds numbers as far
as separation distances between them are not too low.
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10 30 50 70 90 110 130 150 170
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Fig. 5. Motion of two spheres initially located in a horizontal plane, perpendicular to the direction of gieity0.18). The center-to-center
distancer versus the sedimentation distanceSymbols represent experimental results;—) the numerical result witlt'; and(— — —) the
same result withou€'; .

o
=)
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S
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-10

10

Fig. 6. Trajectories of three sedimenting particles initially located in a horizontal plane, perpendicular to the direction of Reavi§25).
Symbols represent experimental results;—) the numerical result witi€'; .

A logical follow-up to the hitherto discussed work is to study the sedimentation of a triplet of particles. A configuration
similar to the one presented on Fig. 2 is considered but at fidéand for the following initial positionsx; = —7.72a,
y1=0; x2=0, yp = —a; x3 =5.37a, y3 = —0.7a. Experiments are carried out and repeated several times for a Reynolds
number of 0.25. The individual trajectories of the spheres are determined and displayed on Fig. 6, where the simulation results
with the corrective facto€1 included, are also shown. It can be noticed that the numerical simulation closely reproduces the
pattern observed experimentally. It should be mentioned that when the corrective factor is not introduced, the numerical results
diverge considerably from the experimental results and there is no crossing of the trajectories. Quantitatively, there are very low
differences in theX direction and they remain comparable to the characteristic dimension of experimental differences, arising
from the sensitivity to the initial conditions. In thedirection, a higher divergence can be noted. Such divergence may be firstly



C. Vanroyen et al. / European Journal of Mechanics B/Fluids 24 (2005) 586-595 595

due to the same reasons as those invoked above to explain discrepancies between simulation predictions and experimental dat
at low separation distances observed in the case of a vertical doublet.

An other explanation comes from wall effects. If we could consider that these effects are negligible when Qe fatids
small and when the distance between the center of particles and walls are large compared to distances between particles (case
of doublets), it may be different in the present case. Initially the distance between the left wall and the center of particle 1 is
less than 8 and is of the same order as the distance between spheres 1 and 2. If wall effects tend to decrease the sedimentatior
velocity of sphere 1 relative to sphere 2, we can expect that the sphere 1 will be attracted more quickly in the wake of sphere 2.
This could explain why the crossing of trajectories occurs earlier in experiments.

Whatever the case, the numerical tool developed, including theorrective factor, once again demonstrates its ability to
describe the behaviour of particles interacting in inertial regime. It was also successfully tested for higher numbers of particles
in various configurations (preliminary results, to be published), with only a slightly higher calculation time.

5. Conclusions

In the present paper, we have studied both numerically and experimentally the sedimentation of several spheres at low
Reynolds numbers. In the modelling part, the multi-body hydrodynamic forces were obtained after inversion of the two-body
mobility matrix. Such mobility matrix was obtained by separating the velocity field generated by each particles in a Stokes-like
part and a net inertial contribution and hypothesising that the first Faxen law is still applicable within a small error. The model
hence developed shows its ability to predict particles sedimentation behaviour in Stokes flow regime as well as in weak inertial
regime, at least qualitatively. However, the comparison of numerical and experimental data shows clearly the developed model
to overestimate inertial effects. On contrary, if a corrective factor is introduced at the level of individual sphere, as done before
by other authors, agreement between simulation results and experimental data is very satisfying whatever the configuration
studied. So it is expected that, when the corrective factor is included, our model is able to predict sedimentation of more
numerous spheres in various configurations as long as wall effects may be ignored.
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